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Abstract 
It is empirically shown by numerical modeling that a single 
metafilm formed by an array of cut wires on a Silicon 
substrate behaves like a homogeneous layer for normal or 
oblique incidence. 

1. Introduction 
Metamaterials (MMs) have generated a lot of interest 
during the last decade due to their ability to provide unusual 
electromagnetic behavior, not encountered in natural 
materials [1,2]. They are commonly obtained by an 
implementation of a periodical arrangement of resonant 
elements, called also meta-atoms. Both the periodicity and 
the size of resonant elements are typically much smaller 
than the wavelength. This feature makes it possible to 
model their properties using an approach similar to that 
used for continuous media in classical electrodynamics or 
optics.  
In this approach, MMs are treated as bulk effective media 
with a certain thickness and associated dielectric 
permittivity ε and magnetic permeability µ that are 
anisotropic in the most general case. 

This approach proved to be valid, but essentially in the 
microwave domain [3]. Difficulties arise in the optical 
domain, in particular for the most common case of a single 
metafilm on a dielectric substrate. As mentioned by several 
authors [3-7], it is not clear whether the effective medium 
approach is valid for describing single metafilm behavior 
and what thickness should be assigned to the MMs in this 
case. 

A few attempts to provide an answer to this question 
were done in [8,9]. In [9] the behavior of a metafilm formed 
by gold nanowires and split ring resonators (SRRs) was 
investigated by Fourier transform infrared (FTIR) 
experiments in the mid IR domain. By exploiting the 
interferogram of the asymmetric cavity formed by the 
metafilm and the silicon substrate and the zero order of 
transmission of the silicon/metamaterial phase mask, it was 

shown that an effective index of refraction could be indeed 
assigned to the metafilm around the first plasmonic 
resonance of SRRs. However since this kind of 
interferometric measurements is sensitive to the optical 
length difference, the question of unambiguous 
determination of a metafilm effective index and thickness 
remains still open. 

This paper aims at providing an answer to this question 
and to demonstrate that in the limit of Maxwell-Garnett (M-
G) effective medium model, the behavior of a single 
metafilm on a substrate can be approximated by that of a 
homogeneous layer with a thickness equal to that of the 
deposited metal. 

2. Single metafilm modeling and effective medium 
behavior validity criteria 

For our study we consider the example of an array of gold 
cut wires (CWs) on a Silicon substrate. It represents 
probably the most elementary type of MMs used for 
building more complex geometry MMs. Its greatest 
advantage is the essentially non-magnetic behavior with 
µ≈1 due to the absence of notable coupling between the 
electrical and magnetic resonances. 

To prove that such a CW meta-surface can be indeed 
described as a homogeneous layer, it is necessary to verify 
that its behavior meets the following conditions: 

• Effective magnetic permeability µ≈1, except near the 
resonance region (non-magnetic behavior). 

• Linearity of the dielectric permittivity variation with 
MMs surface filling factor � (validity of (M-G) 
approximation). 

• Linearity of the optical length variation with respect to 
the deposited metal thickness). 

• Invariance of the MMs layer dielectric permittivity 
with respect to the incidence angle variation 

The phase and amplitude transmission and reflection 
modeling of an array of gold cut wires (CWs) on a Silicon 
substrate is performed by means of HFSS software from 
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Ansoft [10] and finite difference time domain (FDTD) 
modeling [11]. The dielectric permittivity of Au used for 
numerical modeling is that given by Palik [12]. For the sake 
of simplicity we consider a substrate with a refractive index 
of 3.45 that doesn’t vary with the wavelength. This index 
value is that of the silicon at 1.5µm. To calculate the 
metafilm effective permittivity εeff and permeability µeff 
from the complex reflection and transmission coefficients r 
and t, respectively, we use the retrieval method detailed in 
[13], derived in much the same way as in [6]. 

The refraction index of a metafilm of thickness h is: 
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is the medium characteristic admittance, i.e. the inverse of 
the medium impedance z for polarization perpendicular to 
the incidence plane. The index 1 and l designate first and 
last semi-infinite media. The metafilm layer impedance zeff 
is used for calculating εeff=neff/zeff and µeff=neff·zeff: 
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The obtained results were used to verify the introduced 
above effective medium validity criteria. For this the 
numerical modeling detailed below was performed. 

2.1. Metafilm thickness determination 

The first point of our analysis concerns the determination 
of the thickness to be assigned to the metafilm. As 
mentioned, outside the resonance region, the effective 
permeability obtained by the retrieval procedure must be 
consistent with the condition µ≈1 [14].  

In the (M-G) approximation the MMs layer represents a 
mixture of CWs and air. Here we make the hypothesis that 
its thickness h equals that of the deposited metal. To verify 
this assertion, HFSS numerical modeling was performed for 
CWs with several metal thicknesses ranging from 20nm to 
100nm. The length of the CWs is fixed to 200nm and its 
width to 50nm. The separation distance between adjacent 
CWs in transverse and longitudinal directions is 250nm and 
100nm, respectively. The related filling factor ρ, defined as 
the fraction of the surface occupied by the MMs is 11% and 

corresponds to the case of a weak coupling interaction 
between the CWs. 

 
Figure 1: Real and imaginary parts of magnetic permeability 
µ obtained for different metal thickness CW array. 

The results obtained for normal incidence with electric 
field orientation along the longitudinal CWs axis are 
displayed Fig. 1. It can be seen that outside the resonance 
region the condition µ≈1 is well satisfied in the whole range 
of metal thickness variation, thus validating our hypothesis 
about the thickness of the effective layer. The region where 
µ differs from unity corresponds to the well-known 
magnetic antiresonance that is always concomitant with the 
electric resonance [15].  

The shift toward higher frequencies of the resonance 
when metal thickness is increased is likely to be related to 
the decrease of the asymmetric bound supermode effective 
index [16,17] for higher metal thickness. The gold material 
dispersion also brings contribution to the effective 
supermode index variation. 

2.2. Dielectric permittivity variation with filling factor 

The previous example has shown the validity of the (M-G) 
effective medium model for the case of a low filling factor 
MMs layer. Increasing the filling factor would obviously 
result in an adjacent CWs interaction enhancement that 
could alter the validity of M-G approximation. To verify the 
M-G approximation validity for higher filling factors, we 
vary the separation distance between CWs along both the 
longitudinal and transverse direction.  

The results obtained at normal incidence for 
200×50×10nm CWs with electric field orientation along the 
longitudinal axis are shown Fig. 2. In this example the 
filling factor variation is obtained by changing the 
transverse separation between adjacent CWs. For better 
viewing the displayed results represent the effective 
permittivity normalized by the filling factor: εnorm=εeff/ρ.  

As it can be seen, the normalized permittivity is little 
dependent on the filling factor. For both real and imaginary 
part the maximal variation of permittivity is less than 16%, 
while the filling factor variation attains 450%. The shift of 
the resonance toward higher frequencies with the increase 
of the filling factor is in agreement with similar MMs 
structures reported in [18]. This shift is due to the 



3 
 

enhancement of coupling between CWs by dipolar 
interaction. As it will be shown in the following, the 
variation of the normalized permittivity would be even 
lower without the frequency shift. 

 
Figure 2: Real and imaginary parts of normalized MMs 
permittivity spectral characteristics for different filling 
factors. Metal thickness 10nm. 

 
The relative independence of the normalized permittivity 

is conserved when the variation of the filling factor is 
performed in a different manner. This point was verified for 
filling factor variation obtained by changing the 
longitudinal separation distance or the width of the CWs, 
the rest of parameters being fixed. Similar behavior holds 
also for higher metafilm thicknesses. Note also the high 
values of normalized permittivity exceeding 1000. Even for 
a filling factor of 10% this means an effective index around 
10 at resonance. 

2.3. Single metafilm optical length study 

Genuine MMs effective parameters have to be independent 
of the MMs thickness. For the microwave domain this 
condition is readily verified by varying the number of MMs 
layers. A convergence of the retrieved MMs effective 
parameters is expected with the increase of the number of 
layers. In the case of a single metafilm layer this means that 
effective parameters have to be independent of the metal 
thickness. The equivalent condition is to have a linear 
variation of the optical length with h. 
As for the previous examples CWs length is 200nm and 
width is 50nm while normal incident light electric field 
orientation is along the longitudinal axis. The refractive 
index used to calculate the optical length corresponds to the 
maximal value of the effective index at the resonance 
frequency. As for the permittivity, its value is also 
normalized by the filling factor. 
The variation of the optical length (normalized by the filling 
factor) as a function of the thickness h for different CWs 
densities is shown Fig. 3a. The displayed results show that 
the variation of the optical length with metal thickness is 
approximately linear for a thin metal. Strong deviations 
from linearity occur for metal thicknesses above 50nm, 
especially for higher filling factors. 

 

 
Figure 3: (a) Normalized by filling factor optical length for 
different CWs densities. b) Same as (a) for 148THz fixed 
resonance frequency using tuned CWs. 

 
To understand the deviation from linear dependence we 

compare the spectral characteristics of the normalized 
permittivity for different MMs thickness. The results 
corresponding to 10, 25 and 50nm MMs thickness are 
represented Fig. 4a. The shift of the resonance frequency 
and permittivity variation are much more important as 
compared to the case of filling factor variation shown Fig. 
3. 

To separate thickness and frequency contributions, the 
length and width of 10 and 50nm thick CWs was tuned to 
shift the resonance to 148THz while keeping the same 
filling factor. For 10nm thick CWs this was achieved by 
changing the length to 138nm, the width to 72nm and 
having same unit cell size of 300×300nm. A similar 
procedure was applied to the 50nm thick MMs. For this 
case the CWs length and width are 245×41nm for a 
300×300nm unit cell. 

The normalized permittivities for CWs having a 
resonance at 148THz are represented Fig. 4b. The variation 
of the normalized permittivity is less than 12% in this case, 
while it attains 248% for the case corresponding to Fig. 4a. 
It thus appears that a frequency shift brings a significant 
contribution in the change of the metafim effective 
parameters. 
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Figure 4: (a) Real and imaginary parts of normalized MMs 
permittivity spectral characteristics for different metafilm 
thickness. (b) Same as (a) for 148THz fixed resonance 
frequency using tuned CWs. 

 
The optical length determined for the case of a resonance 

frequency fixed to 148THz using CWs tuning procedure is 
shown Fig. 4b. The dependence is much more linear in this 
case, especially when the filling factor is low. This result 
further proves the validity of the M-G effective medium 
model applied to a single metafilm layer.  

2.4. Metafilm oblique incidence s polarization behavior 

The last point of our analysis concerns the metafilm 
effective medium behavior under oblique incidence. For p 
polarization the homogeneous layer approximation is not 
valid because of the anisotropy of the CW properties with 
respect to the electric field orientation. For the time being 
there is no reliable analytical anisotropy retrieval procedure 
that would allow an appropriate treatment of this case. For 
this reason our analysis is mainly limited to the case of s 
polarization, while some discussion concerning the possible 
implementation of the retrieval procedure for p polarization 
is presented in the next section. For the s polarization the 
electric field orientation along the CWs longitudinal axis 
doesn’t vary with the incidence angle. The configuration 
corresponding to this case is sketched Fig. 5.  

 

Figure 5: Sketch of s polarization oblique incidence 
configuration. 

The reflection and transmission spectra computed for 
different angles of incidence are shown in Fig. 6a. 

 

 
Figure 6: a) Reflection and transmission spectra of single 
metafilm layer for s polarization different incidence angles. 
b) Real and imaginary parts of effective MMs permittivity 
spectral characteristics for s polarization different incidence 
angles. 

 
The plotted results correspond to 200×50×25nm CWs 

with 11% filling factor. It can be observed that in 
accordance with Fresnel reflection coefficients, the 
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reflectivity increases with the incidence angle. At the same 
time an apparent decrease of the resonance variation for 
high incidence angles is observed in transmission and 
reflection. 

To extract the metafilm effective parameters we use the 
described retrieval procedure. The obtained results 
represented in Fig 6b show that permittivity and 
permeability are independent of the incidence angle. It 
should be noted also that outside the resonance region the 
effective permittivity and respectively the effective index 
are not too high for low filling factors. As it can be inferred 
from the Fig. 6b, at low frequency neff≈3.8, that is not too 
much higher as compared to Silicon. So at high incidence 
angles, as those showed in our example, the refraction angle 
inside the metafilm should substantially deviate from the 
normal axis. It follows from that the independence of the 
metafilm effective parameters of the incident angle can not 
be attributed to the near normal axis propagation as it was 
suggested in [19] were split ring resonators (SRRs) single 
metafilm was investigated for different incidence angles in 
the THz spectral domain. 

The presented results show that for the particular 
investigated geometry, when the electric field is oriented 
along the main MMs symmetry axis, the metafilm behavior 
is fully analogous to that of a homogeneous layer. The 
thickness of this layer is that of the deposited metal. 

 

2.5. Full anisotropic characterization 

While there is no reliable analytical way to perform a 
retrieval of the anisotropic dielectric tensor in the case of 
the p polarization (Fig. 7), another approach can be 
followed, in which the full permittivity and permeability 
tensors are retrieved either through brute-force search or 
heuristic methods. 

 
Figure 7: Sketch of p polarization oblique incidence 
configuration. 

 
To do this, one only needs to know how to solve the 

direct problem, which is the optical response of an 
anisotropic slab [20] with known dielectric and permittivity 
tensors. The inverse problem – retrieving the tensors from 
known reflection and transmission coefficients – can be 

solved by trial and error, through the implementation of an 
evolutionary search algorithm. 

If the tensors are assumed to be diagonal – which is 
reasonable given the geometry of the structure presented 
here – the retrieval can be done in two steps: first the 
components of the tensors which are parallel the substrate 
are retrieved from result computed for normal incidence, 
then the tensor components perpendicular to the substrate 
are retrieved from results computed for oblique incidence. It 
is one of the future directions of our work. 

In the case where the tensors are not diagonal, a similar 
procedure can be applied, first by retrieving only the 
components related to the plane parallel to the substrate, 
and then by computing the remaining components using 
several different angles of incidence and several 
polarization. In this case, the retrieval of the optical 
parameters of the material can be seen as a constrained 
multi-objective optimization problem. 
 

3. Summary and conclusions 
The aim of the present work was to investigate the 

possibility to describe single metafilm layer behavior 
formed by an array of CWs as an effective medium. It has 
been shown that for the particular investigated geometry, 
when the electric field is oriented along the main MMs 
symmetry axis, the metafilm behavior is indeed analogous 
to that of a homogeneous layer. The thickness of this layer 
is that of the deposited metal. The validity of this 
conclusion was verified with respect to a number of criteria 
consistent with the Maxwell-Garnett effective medium 
model. 

It was shown namely that outside the resonance region 
the magnetic permeability µ≈1 and that in accordance with 
the M-G approximation  the effective permittivity is 
proportional to the filling factor of the MMs. It was found 
that for small metal thickness and filling factors the 
metafilm optical length is proportional to the metal 
thickness. The linearity of the optical length with metal 
thickness turns to be greatly improved when considering 
tuned MMs having the same resonance frequency. 

Finally, for the polarization perpendicular to the 
incidence plane the metafilm permittivity is independent of 
the incident angle. 

The generalization of this approach to the case of in-
plane polarization was considered, and a study of this case 
is soon to be submitted [21]. 
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