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Abstract

Based on the effective medium theory, we propose a practical implementation of cylindrical acoustic cloak with concentric alternating multilayered structure of homogeneous isotropic materials, which can perfectly mimic the ideal radius-dependent and anisotropic ordinary lens cloak. The proposal exhibits near-ideal cloaking performance such as low-scattering and shadow-reducing in a wide frequency range, thus it can hide an object from the detection of acoustic waves. The acoustic wave can pass through the cloaking shell with unchanged wavefront shape, which endues the cloaked object with duplex communication ability. More simulations on the acoustic far-field scattering patterns and the total scattering cross-section (TSCS) are performed to investigate the layer number and the frequency dependence of the cloaking effect, and the results show that the thinner layers exhibit better cloaking effect. The proposal may significantly facilitate the experimental demonstration of the acoustic cloak.
1. Introduction

Recently, transformation optics has attracted increasing interest, since it offers a conceptual design technique to create a wide variety of unprecedented optical effects and functional devices by controlling the path of the electromagnetic (EM) wave propagation at will [1-8]. One of the most remarkable applications enabled by this technique is the so-called invisibility cloak, which can bend light around a region of space and make any object in the region seem invisible. The invisibility cloak has been experimentally realized at microwave [4] and optical [8] frequencies with the aid of artificial EM metamaterials. Since the acoustic wave equation is also transformation invariant, the transformation-based method was then further extended to manipulate the acoustic wave in similar manner and design the inaudibility cloak, which may significantly reduce the acoustic signature of the cloaked object and make it acoustically undetectable [9-26].
There are two schemes to achieve the cloaking effect of scattering cancellation and acoustic transparency, according to whether the cloaked object has the capability of sending and receiving information. The first scheme is to expand a point or a line in one coordinate system into a hole (the cloaked region with spherical, cylindrical, wedged or other shapes) in another coordinate system [9-21]. Since a point/line is defined as the smallest/thinnest mathematical entity, nothing can penetrate them, i.e. in the transformed coordinate system the wave can not get into the hole because it must locally follow the coordinate system. The object inside the hole thus becomes invisible, but meanwhile it loses communication with the surroundings because no wave can penetrate the cloak. In order to get around such an inherent limitation, the second scheme was then proposed in which the object lies outside the cloak or is encircled by lens [7, 22-26]. In the external cloak scheme the object is cancelled out by its anti-object made of negative materials for the propagating waves [7, 22-24], while the lens can be regarded as a perfectly-matched layer which can mach two mismatched domains, so it can cloak object from external illumination too [25-26]. Both in anti-object and superlens proposal, the single-negative even left-hand materials were needed until it was subsequently found that ordinary lens made of positive materials can also hide an object from the detection of acoustic wave [26]. However, the implement of ordinary lens cloak depends on the medium with radius-dependent and anisotropic density and bulk modulus, which is still difficult to realize because of the limited resource of natural materials with radial anisotropy. One possible solution is to use acoustic artificial metamaterial composed of subwavelength resonant inclusions, but the metamaterial works in a limited frequency range and its local resonance may result in considerable absorption [15, 27-29]. 
In this paper, we employ the principle of layered system used in the invisibility cloak [5-6] and the first scheme inaudibility cloak [16-20] to design two-dimensional (2D) ordinary lens acoustic cloak. The proposed cloak is implemented with concentric alternating multilayered structure of homogeneous isotropic materials. Based on the theory of effective medium approximation [30], when each layer has proper parameters and thin enough thickness, the multilayered structure can behave as a single effective medium with radius-dependent and anisotropic density and bulk modulus. Full-wave simulations by finite element method (FEM) are performed to demonstrate the properties of the proposed structure. The simulation results clearly show the near-ideal cloaking performance such as low-scattering and shadow-reducing. Meanwhile, the acoustic wave can pass through the cloaking shell changelessly which makes the cloaked object capable of exchanging information with the surroundings by acoustic wave for any purpose. It is noteworthy that the proposed cloak has a wide operating frequency region and the upper limit is only determined by the layer thickness. With the feasibility of designing an acoustic cloak by ordinary isotropic materials instead of the acoustic metamaterial with complex structured inclusions, this proposal may significantly facilitate the experimental demonstration of the acoustic cloak.

2. Ideal cloak
According to the acoustic transformation theory, when the original space x'(r', θ', z') is transformed into the physical space x(r, θ, z) by a radial mapping in cylindrical geometry (r'=f(r), θ'=θ, z'=z), the density and bulk modulus in the physical space can be expressed as
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where ρ' and κ' are the density and bulk modulus in the original space. It can be noticed in Eq. (1) that ρr/ρ' and ρθ/ρ' are reciprocal. In order to simplify the parameters, we set ρr and ρθ as constants. Suppose f'(r)r/f(r)=n, then the general form of the transformation function f(r) which yields constant ρr and ρθ can be obtained as
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Here, m and n are two unknown coefficients which can be obtained by the requirement of continuous condition of f(r) at boundary. 
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Figure 1: The transformation function f(r) of the cloak. 

For a central cylindrical object with density ρ0, bulk modulus κ'' and radius a, its corresponding transformation function is
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as shown in Fig. 1. Here ρ0 and κ0 are the density and bulk modulus of the host medium, respectively. In order to cancel the scattering of the object, we shield it with an acoustic cloaking shell with inner (outer) radius a (b). As shown in Fig. 1, the transformation function f2(r) to produce acoustic cloaking shell must fulfill the continuous conditions that
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By solving Eq. (4), we eventually obtain the parameters of the 2D ideal acoustic cloak [26]
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with coefficient n=1+0.5lg(κ''/κ0)/lg(b/a). It can be noticed in Eq. (5) that, the density of the cloak is anisotropic but homogeneous, and only the bulk modulus is spatially variant.
As shown in Fig. 1, there are two cases. (1) κ'' > κ0a2/b2, then the coefficient n should locate in the range (0, +∞) and the parameters of the cloak are all positive. (2) κ'' < κ0a2/b2, then the coefficient n locates in the range (-∞, 0) and the parameters of the cloak are all negative. The cloak with negative parameters has been discussed, so we only consider the first case in this paper.
Full-wave simulations are performed by FEM to demonstrate the cloaking effect. In all simulations in this paper, the host medium is set as water with the density of ρ0=998 kg/m3 and the bulk modulus of κ0=2.19 GPa. The cloaked object has density ρ0, bulk modulus κ''=2.25κ0 and radius a=1.0 m. The outer and inner radius of the cloaking shell are chosen as b=1.5 m and a=1.0 m, and the acoustic plane wave travels from left to right with the spatial frequency in the host medium k0=4π, unless otherwise specified. The acoustic parameters of the cloaking shell can be readily obtained by substituting the corresponding coefficients into Eq. (5).
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Figure 2: Acoustic pressure field distributions for (a) the uncloaked scatterer and (b) the cloaked scatterer.
The acoustic pressure field distributions for the uncloaked and the cloaked scatterer are shown in Figs. 2(a) and 2(b), respectively. As observed, the plane wave is strongly disturbed by the scatterer without the cloak, which results in the remarkable backward reflection and the sharp-edged acoustic shadow. With the cloak, both the backward reflection and the shadow are significantly suppressed, which results in the undisturbed pressure field outside the shell. Moreover, the incident plane wave can pass through the cloaking shell with unchanged wavefront shape, which makes the cloaked object capable of receiving information from the surroundings without distortion. 
It should be noted that, the density ρ0 and bulk modulus κ'' of the cloaked object is in fact the effective parameters. Because the object in water generally has a composite structure, we treat the object as a homogeneous effective medium. In Fig. 3 a square region (-0.25 m<x<0.25m, -0.25 m<y<0.25 m) within the object is constructed by two kinds of alternately stacking layers with same geometry size. The width and length of each layer are 0.05 m and 0.5 m, respectively. The mass density and the bulk modulus of the two groups of layers are ρ1=1.5ρ0, κ1=2κ'' and ρ2=0.5ρ0, κ2=2κ''/3, respectively. The other region of the cloaked object has the density ρ0 and bulk modulus κ''=2.25κ0. The total effective parameters of the cloaked object are ρ0 and κ'', so the parameters of the cloaking shell are the same with that in Fig. 2(b). Comparing Fig. 3(b) with Fig. 3(a), the cloaking shell can significantly reduce the scattering so the cloaking effect is valid for the composite object.
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Figure 3: Acoustic pressure field distributions for (a) the uncloaked composite scatterer and (b) the cloaked composite scatterer.
In order to yield perfect cloaking effect, the effective mass density of the object must equal ρ0 exactly. However, the density of the object suspending underwater is just approximately same with ρ0, and it may be variation with the work condition (e.g., submarine).  Now we maintain the parameters of the cloaking shell in Fig. 2(b) and multiply the mass density and bulk modulus of the cloaked object by a factor η. In Figs. 4(a) and 4(b) the factor are chosen as η=0.7 and η=1.5, respectively. It is apparent that for a relatively wide range (0.7<η<1.5) of objects, the cloaking effect is robust because the change of the parameters of the cloaked object only induces slight turbulences. 
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Figure 4: Acoustic pressure field distributions for the cloaked object with (a) η=0.7 and (b) η=1.5.

3. Layered cloak
The parameters of the cloaking shell are anisotropic and inhomogeneous, which makes it difficult to be experimentally realized. So we further construct the cloak with alternating homogeneous isotropic materials. As verified in Ref. [16, 30], the transverse isotropic density can be mimicked by an alternating layered system. Figure 5(a) shows the structure of acoustic layered system in cylindrical coordinates. For a concentric layered structure consisting of two kinds of alternating layers A (B) with homogeneous isotropic density ρA (ρB) and bulk modulus κA (κB), it can be properly treated as a uniform anisotropic medium which has the transverse isotropic density along the r-direction and θ-direction. The effective medium approximation is valid if only the thickness of each layer is much smaller compared with the incident wavelength. The effective density tensor and bulk modulus of the layered structure take the following form
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where, ρr and ρθ are the radial and angular components of the effective anisotropic density tensor, κ is the effective bulk modulus, and η is the ratio for the thicknesses of B layers (dB) and A layers (dA), respectively.
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Figure 5: (a) The structure of acoustic layered system. (b) The schematic of 2N-layered acoustic cloak.

Now we come to construct the radius-dependent, anisotropic acoustic cloaking shell described by Eq. (5) by using layered structures of homogeneous isotropic materials described by Eq. (6). First, we discretize the ideal continuous shell into N layers which have stepwise discrete parameters distribution. The material in each layer is thus anisotropic and homogenous. Then, each anisotropic layer is mimicked by alternating layers of isotropic materials A and B whose parameters are precisely designed by Eq. (6) from the corresponding anisotropic layer. If N is large enough, each anisotropic homogeneous layer can be mimicked by only two isotropic homogeneous layers A and B. Finally, the inhomogeneous anisotropic cloaking shell is approximately implemented by 2N discrete layers of homogeneous isotropic materials, as shown in Fig. 5(b). Supposing the layers have equal thickness (η=1) and substituting Eq. (5) into Eq. (6), the density and bulk modulus of each layer can be obtained as follows
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with ri=a+(2i-1)(b-a)/4N, i=1, 2, 3, … , 2N.

The acoustic pressure field distributions for the cylindrical scatterer shielded by a 10-layered cloak and a 40-layered cloak are shown in Figs. 6(a) and 6(b), respectively. Comparing Fig. 6(a) with Fig. 2(a), when the scatterer is shielded by the 10-layered cloak (2N = 10, dA = λ/10), the deformation of pressure field decreases but the scattering is still very high. Figure 6(b) shows the efficient cloaking effect by the 40-layered cloak (2N = 40, dA = λ/40). Outside the cloaking shell, the scattering is greatly reduced and the plane wave field is almost undisturbed. For an exterior observer, the acoustic field seems to be emitted from the source directly as if there is no scatterer in the host medium. The absence of scattered waves clearly verifies the efficient cloaking effect of the proposed layered cloak. In addition, it is worth pointing out that the incident plane wave can pass through the cloaking shell with the wavefront shape unchanged, which makes it capable of receiving information from the surroundings. Figures 6(a) and 6(b) imply that the proposed cloak with larger layer number 2N produces smaller scattering for external illumination, and the cloaking performance is quite excellent when 2N becomes large enough (e.g., 2N = 40). 
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Figure 6: Acoustic pressure field distributions for (a) the 10-layered cloak and (b) the 40-layered cloak. 
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Figure 7: (a) The acoustic far-field scattering patterns and (b) TSCS for different 2N-layered cloaks.
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Figure 8: Acoustic pressure field distributions of the 40-layered cloak with (a) λ = 1.5a and (b) λ = a/6.
For the purpose of quantitatively analyzing the cloaking effect, the acoustic far-field scattering pattern [5, 11] is calculated by using the acoustic scattering theory under plane wave incidence. Figure 7(a) plots the acoustic far-field scattering patterns for different 2N-layered cloaks at λ = 0.5a. For the bare scatterer, the maximum scattering is 46.12 dB at θ = 0° which corresponds to the sharp forward shadow behind the scatterer. When it is shielded by the 40-layered (10-layered) cloak, the forward (θ = 0°) scattering dramatically decreases to 12.98 dB (32.21 dB). The maximum reduction (94.17 dB) of the scattering due to the presence of the 40-layered cloak occurs at θ = 80°, and at most angles (≥71.11%) the reduction is more than 25 dB. It can be found in Fig. 7(a) that, when the layer number 2N is increased, the scattering of such 2N-layered cloak significantly drops compared with that of the bare cylindrical scatterer, which clearly demonstrates the efficiency of the layered cloaking system. 
We further investigate the acoustic total scattering cross-section (TSCS) [11] which is defined as the ratio of the total scattered power to the incident power and can be calculated by integrating the far-field scattering pattern over θ. Figure 7(b) depicts the TSCS as a function of layer number 2N at λ = 0.5a. For the bare scatterer (2N = 0), the TSCS is about 4.1. When the scatterer is shielded by a 2-layered cloak, the TSCS is 8.1 and it may significantly drop as the layer number 2N increases. Finally, the TSCS will decrease to zero when 2N is large enough. 
We also investigate the performance of the multilayered cloak with different wavelengths. The acoustic pressure field distributions of the 40-layered cloak for plane wave incidence with the wavelength of λ = 1.5a (dA = λ/120) and λ = a/6 (dA = 3λ/40) are shown in Figs. 8(a) and 8(b), respectively. Compared with Fig. 6(b), the pressure field in Fig. 8(a) suffers so smaller disturbance from the scatterer that the deformation of exterior plane wave can not been caught by the naked eye. Namely, the cloaking effect improves as the wavelength increases from λ = 0.5a to λ = 1.5a, but in contrast the cloaking effect markedly degrades when the wavelength is decreased to a/6, as shown in Fig. 8(b). It is clearly seen that the plane wave field is strongly disturbed and the wavefront becomes discontinuous, indicating non-negligible scattering appears.
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Figure 9: (a) The far-field scattering patterns of the 40-layered cloak under plane wave incidence with different wavelength λ. (b) The frequency dependence of TSCSs for the bare scatterer and the 40-layered cloak.
We further quantify the directional performance of the cloak at different wavelengths. Figure 9(a) plots the scattering patterns of the 40-layered cloak for the wavelength of λ = a/6, λ = 0.5a and λ = 1.5a. As observed, when the wavelength decreases from 1.5a to 0.5a and further to a/6, the scattering increases dramatically in all directions. For λ = 1.5a and λ = a/6, the scatterings in the direction of θ = 0° (θ = 180°) are -20.79 dB and -46.42 dB (59.17 dB and 0.59 dB), respectively. Namely, the forward shadow (backward reflection) increases 79.96 dB (47.01 dB) as λ only decreases from 1.5a to a/6. The scattering patterns accurately match the pressure field distributions in Fig. 8.

In order to present an overall performance on the cloak’s operating frequency, we further depict the acoustic TSCS spectra as a function of the normalized frequency k0a (2π/λ) in Fig. 9(b). At extremely low frequency (k0a→0), the size of the scatterer and the 40-layered cloak are much smaller than the wavelength, the TSCSs for the two cases thus approach zero. As k0a increases from 0 to 5.66 and further to 45, the TSCS of the bare scatterer first rapidly increases to 5.3 and then oscillates around an average value of 4, while the TSCS for the 40-layered cloak increases monotonously with k0a. However, the TSCS of the 40-layered cloak is always smaller than that of the bare scatterer in the range of k0a = 0 - 44.55, which distinctly confirms the efficient cloaking effect of the proposed layered structure, and the cloaking effect is gradually degraded as the frequency increases (or wavelength decreases). In the range of k0a = 0 – 27.02, the TSCS of the cloak maintains below 0.44 and the cloaking efficiency keeps above 90%. As k0a is further increased to 44.55, the TSCS of the cloak increases dramatically and equals to that of the bare scatterer at last, the cloaking efficiency thus vanishes. If the cutoff frequency is defined as a benchmark distinguishing whether the cloaking effect exists, then the operating frequency of the 40-layered cloak is 0 - 44.55. The frequency dependence of the cloaking effect agrees well with the results in Figs. 8 and 9(a).

The investigations about the layer number and frequency dependence of the cloaking effect clearly show that the thinner the layers are compared with the incident wavelength, the better this 2N-layered structure cloaks the scatterer. This character can be easily explained by the effective medium approximation. The layered cloak is characterized as an effective anisotropic material, and the mimic works if only dA (dB) << λ. When the wavelength decreases or the layers become thick the long-wavelength limit will be destroyed, which directly degrades the working condition of the approximation, and hence attenuates the cloaking effect. As a result, the better cloaking effects and the wider operating frequency range could be obtained by using thinner alternating layers. 
Since the wave from external source can pass through the cloaking shell, we have also considered the case when a source is put inside the cloaked region to decide whether the wave can travel from inside to external region. The simulation results are given in Fig. 10 in which the point source is located at (1.0 m, 180°). Without the cloak, the wave directly travels into the distance, but the wavefront shape no longer keeps cylindrical because of the scattering by the cylinder, as shown in Fig. 10(a). In Fig. 10(b) the cylindrical wave can pass through the cloaking shell and reach the outside with changeless wavefront shape, which makes it capable to send information to the outside. The acoustic radiated power in Figs. 10(a) and 10(b) are 39.9 and 41.2, respectively. The radiating in Fig. 10(b) is almost uniform, while the emission in Fig. 10(a) is highly directional (Most of the energy are focused in the range of 110° < θ < 250°). In addition, the cloaking shell produces an imaginary image P' at (0.67 m, 180°), which results in an intriguing effect that the acoustic wave appears to be radiated from the point P' for an exterior observer.
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Figure 10: Acoustic pressure field distributions for (a) the bare scatterer and (b) the 40-layered cloak. The acoustic wave is incident from a point source located at (1.0 m, 180°) with the wavelength of λ = 0.5a in the host medium.
4. Conclusions

In conclusion, we have presented an inaudibility cloaking scheme by mimicking the radius-dependent and anisotropic ordinary lens through alternating layered structures of homogeneous isotropic materials based on the effective medium approximation. The low-scattering and shadow-reducing properties have been demonstrated, which make an acoustic sensor undetectable. Since the wave can pass through the cloaking shell with changeless wavefront shape, the cloaked object is able to exchange information with the outside environment by acoustic wave for the purpose of communication or detection. The investigations on layer number and operating frequency show that the thinner layers produce better cloaking effect. Moreover, the proposed scheme has no requirement of any anisotropic or inhomogeneous materials which are usually constructed by resonant metamaterial, thus the layered cloak may have a wide operating frequency range and the upper limit is only decided by the layer thickness. The proposal may significantly facilitate the experimental demonstration of the acoustic cloak.
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