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Abstract
The emission of a current line source surrounded by a cylindrical shell of left-handed material (LHM) is studied theoretically. It is demonstrated that the use of LHM shell greatly improves the directional emission of the line source, while in a broadband frequency range its radar cross-section is lower than that of a parabolic reflector antenna with the same aperture size. We prove the directive emission is due to the negative refraction and the focus effect occurring at the interface of the LHM shell.
1. Introduction

Metamaterials are engineered composites that exhibit superior properties that do not find in nature and not observed in the constituent materials. Owing to their abnormal electromagnetic characteristics, metamaterials have drawn significant scientific and engineering interests. Many works have devoted to the physics and possible applications of the metamaterials. The most well-known applications are superlens [1] and cloaking [2]. Besides, theoretical studies predict the great advantages from metamaterials in antenna design. For example, resonant conditions for strongly subwavelength patch antennas and using metamaterials to improve the source radiation have been discussed. Ziolkowski [3] proved that double negative metamaterials could increase the power radiation of electrically small antenna. Ghoshm [4] studied gain enhancement of antennas using metamaterials, which including LHM and single-negative materials. Enhancing the directional emission is another important antenna application of metamaterials. Enoch [5] first showed that energy radiated by a source embedded in an isotropic metamaterial was concentrated in the narrow cone in the surrounding media. After that, directive emission enhancement was studied for the radiators with anisotropic metamaterials [6] and cylindrical metamaterials [7-8]. Further, the cloaked sensor is proposed recently [9], which uses metamaterial to cloak a sensor without affecting its capability to receive. This kind of sensor has important usages in military, such as stealth antenna. Many theoretical works have been backed up with prototypes which experimentally verify the proposed ideas and stimulate many interests in antenna design [10-15]. People are trying to design new antennas with metamaterials to improve the antenna performances. 
In this work, we will show that the line source surrounded by a cylindrical shell of LHM has a very good directional emission meanwhile it has a lower radar cross section (RCS) in a broadband frequency range. This feature, used as an antenna, provides a new way to design stealth antennas. We prove that the directive emission is caused by the negative refraction and focus effects at the interface of the LHM shell. 
2. Theoretical model
Consider that the LHM antenna consists of a line source and surrounding LHM cylindrical shell as shown in Fig.1. The line source and the shell are infinite long along z-axis. So, the source emission reduces into a two-dimensional (2D) problem, which could be solved analytically. The shell has inner radius a and outer radius b, separating the calculation area into the regions I, II and III. Without loss of the generality, we assume the current line source is on x-axis in the region I. It produces a TMz mode electromagnetic (EM) wave, which can be expressed [16], in cylindrical coordinate, as 
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Figure 1. Schematic of LHM directional antenna including a line source and an LHM shell  
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where 
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 is the wave number in free space? The excited EM wave spreads outward and at steady state, the total field in each region is [16]: 
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In the above Jn is the Bessel function of first kind and Hn is the Hankel function of second kind. The coefficients An, Bn, Cn and Dn are unknowns. Corresponding magnetic field components can be derived by Maxwell equation, which are,  
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respectively. Using the continuous conditions of the electric and magnetic fields at the boundaries r = a and b, we have a system of linear equations with four unknowns. Solving the equations, the field distribution in each region is obtained. The far-field radiation pattern is obtained by Eq. (4) as  tends into infinity. The radiation of the LHM antenna is characterized by the radiation directivity D, which is the ratio of maximum radiation power density to its average in far fields region [17].
3. Radiation of a line source with LHM shell
We suppose the LHM shell in Fig.1 is made of a uniform dispersive material. Its permittivity (r and permeability r follow Drude model and Lorentz model [18], respectively, 
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where ep and e are electric plasma frequency and damping coefficient; mp, m and m are magnetic plasma frequency, magnetic resonance frequency and magnetic damping coefficient, respectively. We assume fp=p/2=4.24 GHz, fmp=mp/2=6.5 GHz, fm0=m0/2=2.1 GHz and F=0.22. For simplicity, the damping coefficient e andm are supposed zero in this work. With these parameters, it is easy to verify r and r are both negative in the frequency range 2.1 to 3.7 GHz. Specifically, at 3 GHz both r andr are negative one; the impedance of LHM shell matches that of free space.  
The shell is assumed, respectively, with inner radius a=1.5 and outer radius b=3.5 where is the wavelength in free space at working frequency. The line source is located near the inner wall at 0=1.35. 
Solving Eqs. (1)-(4), we have far-field electric field distributions. The normalized electric far-field radiation pattern at 3GHz is shown in Fig. 2(a) in solid line. We see the radiation has a sharp main beam along x-axis. The sharp beam marks the EM energy mostly focusing on that direction and line source has a good directivity. To display this feature intuitively and as a check of our calculation, we simulated the time averaged power flow around the source by finite element solver COMSOL. As shown in Fig. 2(b), the simulation illustrates that the most of the outgoing EM energy concentrates in a small angle along x-axis, forming a narrow beam. The power flow distribution is the same as that of the far-field radiation pattern in Fig. 1(a), which confirms our computing results. The directivity derived from radiation pattern is about D=20, much greater than that of the line source without LHM shell. 
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Figure 2.  (a) Far-field radiation pattern of the line source at 3 GHz at which the shell has rr=-1 (solid line). The dash line is for the shell with rr =1.2. (b) Power flow distribution of the line source with a LHM shell. 
It is found that the source position and also the shell’s dimension can greatly change the directivity of the LHM antenna. Thus, an optimization is needed to get good directional radiation.  
As a compare, we replace the LHM by a normal material with r=r=+1.2, and recalculated the radiation pattern. The result is shown in Fig. 2(a) in dash line. Quite different from that of with LHM shell, the line source radiation does not focus on any direction but almost radiates uniformly. It is obviously that the use of LHM shell greatly improves the directive emission of the line source when it is located at a proper position. This system can be used as a directional antenna. From the far-field distribution, we have the total radiation power of the line source. It is about 1.15P0, where P0 is total radiation power of the line source in free space. The LHM shell does not reduce total power delivered by the line source because of the impedance match at working frequency. The slight increase of the total power is related to the high mode excitation [3]. 
It may be helpful to compare the directive emission of the LHM antenna with a known directional antenna having the same aperture size. Here, a parabolic reflector antenna is used for the comparison. The aperture size of the parabolic antenna is 2a, same as the diameter of the LHM shell. Its radiation pattern is calculated by COMSOL. Figure 3 shows the far-field radiation pattern of two antennas, and the inset shows their feature size. We see two antennas all have a sharp main beam. The half-power bandwidth HPBW, which measures the main beam width, is about 11( for the LHM antenna, slightly larger than that of the parabolic antenna 9(. The two main beams are almost the same, indicating their similar directional emission characteristics. The use of LHM shell greatly increases the focusing ability of the line source. However, the larger sidelobe and the backlobes cause the directivity of the LHM antenna lower than that of parabolic antenna. 
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Figure 3.  Far-field radiation patterns for the LHM antenna and the parabolic antenna with same feature aperture size of LHM antenna. The inset shows the feature size of two antennas.
Furthermore, our LHM antenna has the advantage of lower radar cross section (RCS). Figure 4 shows the RCS ratio 
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, where LHM and P are the RCS of LHM shell and parabolic reflector, respectively. In 2D, the RCS is defined as,  
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where Es is the scattering field and Ei is the incident field. In calculations, the LHM antennas and the parabolic reflector antenna take the same feature size, and the dispersive  and  of LHM is considered. We see in broadband frequency range the RCS of LHM antenna is never greater, but mostly much smaller than that of parabolic antenna. This is due to the impedance mismatch at the interface of the LHM shell and free space is smaller than that of for metallic reflector. The relative larger  of the LHM shell at 3 GHz is due to the focus effects, which will be explained below. The feature of high directivity with lower RCS in broadband frequency range makes the LHM antenna useful in design of stealth antennas, which has been becoming more and more important in stealth technology today. 
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Figure 4. RCS ratio of LHM antenna to parabolic antenna shown in the inset of Fig. 4.

The directive emission shown above can be explained by the negative refraction at outer interface and the focus effect at inner interface of the LHM shell. The process is proved by the LHM shell illuminated by a plane wave. According to the reciprocal principle of the antenna, if the incident plane wave can create a focus point within the region I, a real source at this point will produce a plane wave out of the LHM shell. We did simulations with shell parameters a=1.50, and b=3.50 at 3GHz at which  and  are both negative one. Figure 5 gives the time averaged power flow density distribution when the plane wave incident from the right-hand side. In the figure, we see a sharp light spot S1, representing the high power flow density, is on x-axis in the region I near the inner wall of the shell. The spot position is about 1.350, same as the source position in our radiation pattern calculation in Fig. 2. The ray tracing can explain the presence of the light spot. As the incident ray meets the outer interface, negative refraction occurs. The refracted rays will form a focus. According to the Gauss' formula, the focus will present at b/2 since the shell's index n is -1 at 3GHz. Thus, the inner radius should be smaller than b/2 in order to realize a LHM antenna. Otherwise, the refracted rays meeting at the inner interface of the LHM shell will diverse in region I. If the condition a<b/2 is satisfied, however, a focus will appear within the LHM shell. This focus if it is close to the shell will act as a second source that generates a high quality image source, the light spot S1, in the region I according to the principle of near field imaging of LHM. Indeed, in Fig. 5 we can find the light spot S2 within the LHM shell; the position is about 1.60 slightly smaller than b/2. This is because the shell size is not much larger than the operating wavelength as required by geometric optics. Therefore, it can be expected that a good directional radiation can be realized once a line source is put at the light spot position S1.
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Figure 5. Power flow distribution for the LHM shell illuminated by the plane wave incident from right-hand side. The negative refraction at the outer interface of LHM forms the light spots S2, which in turn as a second source creates the spot S1 by the image process of LHM at inner interface. The image is obtained by the solver COMSOL.
4. Conclusions

We have explored the radiation property of the LHM antenna made of the current line source and the surrounding LHM shell. The study shows this antenna has a good directional emission when the line source locates near the inner wall of the LHM shell. The directive emission is attributed to the negative refraction and the focus effect happening at the interface of the LHM shell, and can be well explained by ray tracing. The lower radar cross-section in broadband frequencies makes the LHM antenna useful in designing stealth antennas.
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